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THE LUBRICATION OF ROLLERS
III. A THEORETICAL DISCUSSION OF FRICTION AND THE
TEMPERATURES IN THE OIL FILM

By A. W. CROOK
Research Laboratory, Associated Electrical Industries, Aldermaston Court, Aldermaston, Berkshire
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Measurements of the thickness of the oil film have shown that the lubrication of loaded rollers is
hydrodynamic in character. But hitherto the theories of this lubrication have been isothermal;
frictional heating has been ignored. For the understanding of the frictional behaviour and also
to define the physical conditions met by the oil in its passage through the conjunction of the disks
a knowledge of the temperatures in the film is required.

It is from the shearing of the oil in the film that the frictional heat arises. In this paper the
dissipation of the heat by conduction through the oil to the surfaces of the disks and by transport
with the oil (i.e. convection) are both considered. The temperatures in the film are assessed from
the balance between the rates of generation and dissipation of heat.

It is shown that in pure rolling the temperatures arising from friction are confined to the entry
side ahead of the region of high pressure and that for the range of conditions considered the tem-
peratures are too low to influence thickness. With sliding it is shown that conduction is the im-
portant mechanism of dissipation and that the temperatures due to the sliding rise with pressure.
On the entry side where the pressures are low, so are the temperatures. This explains the insensi-
tivity of film thickness to sliding which has been demonstrated experimentally. Within the pressure
zone high temperatures occur (e.g.a temperature rise of 200deg C). The distributionsof temperature
and viscosity have been found and also the velocity profiles of the oil. These show the cooler oil
close to the surfaces of the disks to act almost as a rigid extension of the disks themselves; a situation
akin to that postulated in boundary lubrication.
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238 A. W. CROOK

From the viscosity distributions, expressions for the effective viscosity within the pressure zone
(i.e. that constant viscosity which would give the same frictional traction) and for the frictional
traction have been developed. These display the factors of importance in relation to friction and
provide a theoretical background to the experimental measurements of effective viscosity and
friction which will be described in part IV.

1. INTRODUCTION
It has been shown in parts I (Crook 1958) and IT (Crook 1961) of this series of papers that

the lubrication of loaded rollers is hydrodynamic in nature and measurements of the
thickness of the hydrodynamic film have been described. It has been shown that the
thickness of the hydrodynamic film is dependent upon the rate at which oil is drawn into
the conjunction of the disks but is insensitive to the variations in the viscosity of the oil
which occur once the oil is within the pressure zone. Because of that insensitivity the varia-
tions in viscosity were considered only broadly in discussing film thickness. But with respect
to friction the variations are of the utmost importance, both in understanding the pattern
of frictional behaviour and beyond that in knowing the behaviour of oils under the peculiar
physical conditions existing within the pressure zone.

Within that zone the oil experiences pressures dependent upon load and temperatures
dependent upon the balance between the generation and the dissipation of the heat arising
from the shearing of the oil. Under pressure the viscosities of oils increase; an effect which
becomes marked at pressures exceeding 1 x 10°dyn cm~2 (Pressure Viscosity Report 1953).
But this enhancement of viscosity is reduced by the temperatures due to frictional heating;
these temperatures vary across the thickness of the oil film. Consequently across the film
the viscosity varies due to differences of temperature whilst along the film the viscosity
varies on account of changes both in pressure and in temperature.

In theories of the hydrodynamic lubrication of rollers (Grubin 1949; Dowson & Higgin-
son 1959, 1960; Archard, Gair & Hirst 1961) frictional heating has been neglected. The
theories are isothermal, i.e. a viscosity constant across the film is assumed. Here that
assumption is not made. The analysis of this paper starts by taking the fundamental
hydrodynamic equation in a form consistent with a viscosity varying across the film.
From there, general expressions for the velocity gradient in the oil and then for the local rate
of generation of heat are derived.

The heat generated must be dissipated by conduction through the oil to the surfaces of
the disks and by transport with the oil on its passage through the conjunction, i.e. by
convection. For conditions of pure rolling assessments have been made of the regions in
which each of these mechanisms is dominant and of the temperatures in the oil due to the
rolling friction. The effect upon film thickness of the depression of viscosity due to these
temperatures is discussed in relation to a result of part II; there it was shown that experi-
ment gives a film thickness proportional to the half power of the product of the viscosity of
the oil at the surface temperature of the disks (7,) with the mean peripheral speed (u)
whereas theory predicts an exponent of approximately 0-7.

When sliding is introduced the frictional work attributable to the sliding rapidly sur-
passes that due to the rolling motion. The heat is dissipated predominantly by conduction
to the surfaces of the disks (Archard 1959) and thelocal rate of generation of heatis dependent
upon the local viscosity and therefore upon the local temperature. Within the limitations
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of simplifying assumptions an expression for the temperature distribution has been found.
Itis shown that in contrast with rolling, when the friction is associated with the entry zone,
the friction due to sliding is associated with the pressure zone. This is discussed with
relation to the experimental result that of itself sliding has little influence upon film thickness
(part II).

From the expression for the temperature distribution temperatures, viscosities and
velocity profiles in some typical examples have been calculated. These indicate the physical
conditions met by the oil in its passage through the pressure zone. But in addition to such
detailed information expressions for the effective viscosity within the pressure zone (i.e. that
constant viscosity throughout the zone which would produce the same frictional traction)
and for the total frictional traction are derived. These possess an intrinsic interest in that
it is important to know the factors affecting friction, but in addition they are required to
match the experimental measurements of friction and effective viscosity which will be
described in part I'V.

2. THE FUNDAMENTAL EQUATION

The Navier—Stokes equation after appropriate simplification (Gatcombe 1945) becomes
in the co-ordinates of figure 1
P90 ( ‘l”)
dx Oy Tay):

When 7 is taken as being independent of y this reduces to the well-known form

JoP 0%y

"'Ex‘ = ”ayza

but when considerable heat is dissipated within the oil film the temperature across the film
will not be constant and the local viscosity (7) must be treated as a function both of ¥ and .
Then the Navier-Stokes equation has to be taken as

_Op_ O ondu
ax 1oy oy ay’

where P is the pressure and u is the velocity of the oil in the negative direction of x.

N

-~ Y

x
- ul
" recess entry

C/L
Ficure 1. Co-ordinates.

Two successive integrations with respect to y and the boundary conditions

y=0, u=uw, n=1n; y=h u=uy, =1,
ou IHP[ I mpue w1 (R0

Bive oy~ ool gk ko

31 Vor. 254. A.
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240 A. W. CROOK

where £ is the thickness of the film at x. If the variation of  with y be continuous, somewhere

% (2,2_1};&_1) ,

Yy = h/m3 N =N

and then it may be shown from equation (2-1) that

du _ VoP[T k7, (4y-uy)
[ 'm]lﬂ’ ho 2

At one place where that occurs let

dy  pox

3. THE HEAT BALANCE
(a) The generation of heat
The rate of gencration of heat per unit volume (g) is given by the product of stress with
the ratc of strain, i.c. by g - 1(dujdy)?. (3:1)
(b) The dissipation of heat
It will be assumed that heat is dissipated according to the equation (Carslaw & Jaeger

1947; Hunter & Zienkiewicz 1960)

a0 . 9%
Pcu*‘*'Ka‘y‘z; -9

ox

where 6 denotes temperature, p density, ¢ specific heat and K thermal conductivity all with
respect to the oil. The first term on the left relates to the transport of heat by the oil and will
be referred to as convection. The sccond term relates to conduction of heat across the film.
Conduction in the x direction is ignored because as & < (x,-x;) the temperature gradients
in the x direction must be small compared with those across the film.

It has been found too difficult to retain both terms on the left simultaneously in the
present analysis. It will, however, be argued that in general the conduction term is pre-
dominant.

(32)

4. THE OIL TEMPERATURES IN PURE ROLLING

When «; and u, are equal the velocity profiles must be symmetrical about the median
planc and it follows from equation (2-2) that

du 1 /0P , , ]
o p ('3‘;)!/: y ooy -h

. 1 (0P\? ,.
Therefore (equation (3-1)) q= n(ﬁx) y'2. (4-1)

(a) Conduction
If conduction were the only mechanism of dissipation then
0%0 1 (0P\% ,,
=y (o) 2

The local viscosity () will vary with temperature and pressure. If 0, be the surface tem-
perature on the entry side the viscosity of the oil as it enters the conjunction will be 7,

K
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(part IT). Within the conjunction it will be assumed that the surface temperature remains
0, and that the oil viscosity at the surfaces (,) which will differ from 7, because of the rise

75 = 1, €xp (OP).
Away from the surfaces of the disks, because of the heating of the oil due to friction, the
tempcrature will exceed ¢,. The excess will be denoted by 8 rising to f, on the median plane
of the film. It will be assumed that the local viscosity 7 is given by

7 = 1,exp (—70). (4:3)
It follows that n = n,exp (0P—y0).

in pressure, is given by

However, if 5 be so expressed it lcads to an equation for which the author has found no
analytical solution. But if 7 be expressed as

7 = 7;exp (P —y0,)
the solution will be an over-estimate of ¢ because 7 has been given too low a value and by

equation (4-1) the value of ¢ has thereby been exaggerated.
If 5 be so expressed, from equation (4-2)

P0)dy” - By exp (1),

_ (0P\?exp(—0P)
where B = (9.76:) . 'Kb;”"‘ .
With the boundary conditions
y' =0, d0/dy == 0; y =3h, 0=0,
this gives 0. ~ Bh*exp (y0,)/192.
It is more convenient to recast B so that the evaluation of small pressure gradients is avoided.
For this the well-known isothermal expression

__h*
r——ggexp( —OP) - 12ay, (/—’—ﬂ?), (4-4)

where A% is the film thickness at the pressure maximum, was used and then

7)2 2
b exp (—y0,) m SEIL PO o ), (4-5)

Both « and exp (8P) tend to unity far from the pressure zone so there the value of 0, given
by equation (4-5) rises to the limit
lim @, exp (—y0,) - 3(u)%y,/4K. (4-6)

x>0

(b) Convection

A general solution assuming convection to be the only mechanism of dissipation has not
been found but from the equation

(00) _ ! (’35)2 ,2
pcu a‘x = —q = '*"'7 dx y5
it may be shown that on the entry side where z > 43, close to the surfaces of the disks
0 ~ 3P/pc. (4-7)

31-2
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242 A. W. CROOK

(¢) The regions of conduction and of convection

The curves of pressure and of  given in figure 2 (Archard et al. 1961) were used to esti-
mate 0, as given by equation (4:5). (y was taken as 2x 1072deg C~! and J as 1:6x 1079
dyn~!cm? These values will be used throughout this paper.) The estimate is displayed
as curve (a) of figure 3; curve () is a similar estimate for a lower rolling speed for which
curves similar to those of figure 2 were available. Clearly the temperatures required to
dissipate the heat by conduction across the film are so small that for them exp (yf,) may
be taken as unity. This justifies the use of an isothermal expression for dP/dx (equation (4-4)).

ar 14
i A
B / g
g\ // o
< 2 s 12 &
z / 2
= s ~

e
A -
L 0
0 2 4 x(10~2cm)
f f }
centre  Hertz edge entry

Ficure 2. The pressure distribution (P) and gap (%) on the entry side for steel disks of 7-6 cm diameter.
Load, 1-2x 108dyncm! (680 Lb.in."1); &, 230cms™! (7-4ft.s71); #,, 0-4P; 4, 1-6 x 10~ dyn!
cm?, , P; ————, h. (Curves due to Archard et al. 1961.)

T

1-0

0-5

b, (°C)

0
centre x (10-2cm) entry
Frcure 3. The temperature rise on the median plane (6,) for pure rolling when conduction alone is

considered. (@) @, 230cms~ (7-4ft.s71); () @, 130cms~! (4-21t.s7!). Thermal conductivity of
oil taken as 1 x 10*dyns~!deg C~'; y, 2 x 10~2deg C~1; data otherwise as for figure 2.

Far from the pressure zone the values of 4, given by equation (4-5) rise to the limit given
by equation (4:6) but there, because of the vanishing pressure, the value of ¢ given by
equation (4-7) falls to zero. The dominant mechanism of heat dissipation will be that which
operating alone would require the lesser temperature. Consequently, far from the pressure
zone convection is the dominant mechanism but as the pressure rises so does the tem-
perature given by equation (4-7) until, for instance, at a pressure of 1 x 107 dyn cm™2 it
gives a value of § (1-6 deg C; pc taken as 2 x 107 erg cm~3 deg C~1!) equal to the limiting value
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of §, for curve (a) of figure 3. Consequently there is a region in which convection and
conduction will both be effective and in which the temperature rises to a maximum less
than the limiting value of 4. In this instance that region will occur where the pressures are
of the order 1 x 107 dyn cm~2. Reference to figure 2 shows that such pressures are far from
the pressure zone. As the pressure zone is approached more closely, conduction requires
the lower temperature (figure 3), the temperature in fact vanishing within the pressure
zone when £, as in figure 2, becomes constant (¢ of equation (4-5) becomes zero). Thus,
except for a region far removed from the pressure zone, convection plays little part in the
dissipation of the frictional heat and the temperatures in pure rolling are effectively those
needed to dissipate the heat by conduction across the thickness of the film.

(d) Film thickness

The question can now be discussed whether the difference between the relationships of
film thickness to #y, as found by experiment and as predicted by theory, are resolvable in
terms of the heating of the oil by friction. (Pure rolling alone will be considered.) Experi-
ment showed that 4% oc (uy,)%5, whereas theory predicts the exponent of @y, to be approxi-
mately 0-7 (part IT). In the appendix of part II it is shown that, to resolve the discrepancy
in terms of surface temperature, the temperatures as measured would have had to be pro-
gressively too low by 14deg C for each decade by which #y, increases. The issue now
becomes whether the discrepancy can be resolved in terms of the oil temperature being
raised above the surface temperature by frictional heat.

If 5, be taken as 0-4 P the limiting value of 0, (equation (4-6)) for (uy,) equal to 150 dyn
cm™1lis, for instance, only 4-2deg C. Consequentlyanydecade interval in (@) with an upper
value below 150 dyncm™! could not possibly change the oil temperature by the 14 deg C
required to account for the discrepancy. At higher values of (u7,) the limiting values of 4,
are greater. But because of the moderating influence of convection the limiting value of
6, will nowhere be attained and, furthermore, because film thickness depends upon vis-
cosity throughout the entry zone, the representative temperature with respect to thickness
will be less than the maximum temperature within that zone. Indeed 6, itself falls to zero
as the pressure zone is approached and it relates only to the median plane. Away from the
median plane the temperatures must fall. In fact experiment has shown that up to the
highest value of (uy,) explored experimentally (480dyncm=!) proportionality with
(un,)°> was maintained (part II) which suggests that even up to that value of (@y,) the
temperatures due to rolling friction were not influencing the film thickness.

~

5. THE OIL TEMPERATURES DUE TO SLIDING

It will be assumed that when sliding is introduced the term in dP/dx of equation (2-2)
may be neglected. (This assumption is discussed in appendix A.)

The neglect of the term in dP/dx is equivalent to disregarding the rolling component of
the frictional traction for if 7" be the total frictional traction per unit face width then, for
instance, from equation (2-2)

CEAY N 2 R ROETS
dx ﬂﬁy y=0 Ox m h '

y=0
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244 A. W. CROOK

When the disks roll the term in dP/dx alone remains and therefore it can be considered to
represent the rolling component of the friction.
When the term in dP/dx is neglected equation (2-2) becomes

Ju . Nan @2A— ul) .
oWk &1
" 0u Tty —uy) (" dy
d therefor OU Ay = (u,— :,_m__l__Lf dy
an erefore ) 3y Yy (u2 ) ; T
h
Tt follows that L_1hdy (5:2)
Mm o 7

which defines 7, in terms of the local viscosity 7.

(a) Conduction
From equations (3-1) and (5°1)
2 (4 )2
721_11(”2 uy) ) (5:3)

In a discussion of the temperature of rubbing surfaces Archard (1959) considered the
dissipation of heat within the oil film. For simplicity he assumed ¢ to be constant and con-
cluded that conduction across the thickness of the film was dominant. It will also be
assumed here that conduction is dominant; the assumption is discussed in appendix B.

If the dissipation of heat were by conduction alone then

20 _ — 1y (upy—w,)?

3—y2 Ty T2 (5+4)
Integration with respect to y together with equation (5-2) gives
RO (g —uy)? )
O @] = fnlt) (5:5)
If 7 = 1.exp (—79),
equation (5-4) can be written as
0 _ _ O (4~ wy)?
ap = Aep ), A=g
and integration with respect to y gives
a6 A ¥
2 (e )] (56)

where o is a constant of integration.
Equation (5-6) suggests that ¢ is symmetrical about the median plane where it rises to

a maximum given by exp (y0,) = yo/A. (5-7)

From a comparison of the expressions for d6/dy, , given by equations (5-5) and (5-6)
w may be evaluated. By symmetry

3,..~ ),
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and therefore from equation (5-5)
)~ -t
0y/ y=o dy 2K o
Another expression for (30/dy), is obtained by setting 0 to zero in equation (5-6). Then
)~ () ~2(5)
) = (o) =20(1-=).
() =) — (5

From a comparison of the expressions for (36/dy, ,)? arising from the above two equations
it may be shown that

o= S (Y1) :
n2hapr (5-8)
where ¥ = —M(%TW*Z, (5:9)
and that consequently (equation (5-7))
exp (78) = (1) = (B2t ) (510)
When ¢ > 1 +1[1 ( )+2ln 1)].

It follows from equation (5-10) that 6, depends upon both 7, and load; it is independent
of @ so if 5, be constant it is then also independent of film thickness.

(b) The variations of 0 and n across the film
Integration of equation (5-6) with respect to y with the boundary condition

=0, 0=0
. 1— /{1 —exp (y0)/exp yﬁ 1— /{1 —exp( —76'6)}] B )
gives  In [1 + A1 —exp (y0) fexp (031 7 L1+ /{1 —exp( = yyJ(20). (511)
When y is 14, 6 = 0, and the first logarithmic term on the left is zero so
w _?_ 1— {1 w CXp } 100\
W = iy {ln T/ —exp ( :” (5-12)
and equation (5-11) may be written as (/o taken p051t1ve)
2y] [__ Tels) :I [ V(L=7/n) ,
[ 1+ /(1 =n,/n,) 1+ (1 —=n/n) (5:13)

where the temperatures are now expressed in terms of viscosity.
When y = 7,,, y = k/m. Consequently from the values of y which satisfy equation (5-13)
when 7, is substituted for », values of m may be found (appendix C).

(¢) Numerical values
Values of 0, calculated from equation (5-10) are shown as a function of pressure for three

sliding speeds in figure 4 (a). (As before, it was assumed that 7, is given by 7, exp (0P).)
The temperatures rise rapidly with pressure.
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246 A. W. CROOK

In figure 4 (b) the values of exp (—7y0,) at a pressure of 1x10°dyncm~2 have been
plotted against (u,—u,;). This figure will be discussed in § 6.

The curves of figure 4 (a) were used to obtain the values of 6, corresponding to the
pressure curve of figure 2. The results are given in figure 5.

From equation (5:13) the curves of figure 6, in which relative viscosity is plotted as a
function of y/h, were obtained (logarithmic-linear plot). From these curves the variation

3001
~—~ 200
& (b)
© I'O
D — ——\
%’J
1001 o~
Los
o
2]
(5]
L N T
0 0 250 500
P (10°dyncm™2) (uy—u,;) (cms™!)

Ficure 4. The temperature rise on the median plane (6,) due tosliding. Gonduction alone considered.
(a) As a function of pressure. Sliding speeds: (i) 500cms™!, (i) 200cms—, (iii) 100 cms™.
(6) Exp (—7v0,) at a pressure of 1 x 10%dyn cm~ as a function of sliding speed.

1-0

0-5

0-2
200
- =01
"‘" &
- :
g g 005
-9, 2
& 0-02
0 0-01 I j
0 4 0 025 05
centre x (10~2cm) entry ylh
Ficure 5 Ficure 6
Ficure 5. The temperature rise on the median plane (6,) as a function of x. ——, 6,; ————, pressure

(same as figure 2). Sliding speeds: (a) 500 cms™1, (b) 200cms™!, (¢) 100cms™.
F1Gurke 6. /7, as a function of y/k for three values of 6,: (a) 20deg C, (5) 100deg C, (¢) 200 deg C.


http://rsta.royalsocietypublishing.org/

) |
o \
C

AL

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

LUBRICATION OF ROLLERS. III 247

of 0 with y was deduced and the results are given in figure 7. In addition relative values of
du/dy were calculated (equation (5-1)) and by numerical integration the velocity profiles
of figure 8 were obtained ; the greater the temperature rise the more does the shear become
concentrated about the mid-point. Thus when ¢, is 200 deg C the curve shows that 80 %,
of the slip occurs in a central band 0-4 h wide.
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Frcure 7. Oil temperature rise (¢) as a function of y/4 for two values of 6,: () 200 deg C, (4) 100deg C.
Ficure 8. Velocity profiles for two values of 6,: (a) 10deg G, (b) 200deg C.

From equation (5-10) the sliding speed at which the effect of the temperature due to
frictional heat upon viscosity just offsets the effect of pressure may be estimated. When
¥ > 1 equation (5:10) may be written as

exp (¢0,—3P) = 7,7(u,—u,)?/8K.

The criterion is that the exponential should be unity and this occurs when (u,—u,) is
approximately 3000 cms™! (7, = 0-4 P). This is greatly in excess of the sliding speeds em-
ployed in the experiments of parts IT and IV (up to 480 cms™!).

6. SLIDING AND FILM THICKNESS

It has been shown in §4 (@) of part IT that over the greater part of the pressure zone the
film thickness must be effectively constant and also that the value of that constant thickness
is determined by the quantity of oil per unit time reaching the section of the film where
the pressure reaches 1 x10°dyncm™2. From integration of the appropriate form of the
Navier—Stokes equation it is well known that the quantity of oil and therefore the film
thickness depends upon viscosity and (u,+u,;) but not explicitly upon (u, — ;). Consequently
at constant (u,+u,) the film thickness will only vary with (u,—u,) if sliding affects the vis-
cosity of the oil on the entry up to the section where the pressure is 1 x 109dyn cm~2,

In figure 4 () the values of exp (—y0,) as obtained from equation (5-10) when the
pressure is 1 x 109dyn cm~2 are plotted as a function of sliding speed. The curve represents
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the relative reduction in the viscosity at the mid-point of the film due to the heat of sliding.
The introduction of 500 cms™! sliding produces a fall of 12 9,. But because a pressure of
1 x10°dyncm~2 occurs where convection is important (appendix B) and because in
figure 4 (b) convection is neglected, the reduction in viscosity must be less than the figure
suggests. Furthermore, away from the mid-point and also at lower pressures the reduction
must be even smaller.

Consequently up to the section where the pressure is 1 x 10°dyn cm™2 the heat of sliding
has little effect upon viscosity. Theory therefore supports the suggestion made previously
(part I) that the film thickness is determined by conditions on the entry side ahead of the
region in which the viscous forces and heating are intense and also the theory is consistent
with the experimental observation (part II) that the introduction of sliding has little effect
upon film thickness.

7. THE EFFECTIVE VISCOSITY

The effective viscosity within the pressure zone is defined as that constant viscosity
throughout the zone which would give the same frictional traction as the system actually
exhibits.

The relation of the effective viscosity (7,,) to 7,, follows from equation (5-1). As the shear
stress is given by #7du/dy it is evident from that equation that the stress is independent of y.
Consequently it has the same value at the surfaces of the disks as elsewhere, and it follows
(when the small frictions at entry and recess are disregarded) that the frictional traction 7
is given by B "
T — (_u&hgul) fxl”mdx’ (7-1)

where x, , are the limits of the pressure zone and over which it is assumed that / is effectively
constant and has the value A% (§ 4 (a) of part II).

If 7% be constant the conjunction may be regarded as a parallel plate viscometer. It
then follows that 7" is also given by

T = Bty —y) (1) [, (72)

where 7, is the effective viscosity. Consequently (equations (7-1) and (7-2))
_ 1 f #2
mT (e ) m dx. (73
! (% —2)) x;” (73)

This defines 7,, as a function of #,, which itself will now be evaluated.
In terms of ¢ equation (5:12) can be written as

[le LJ%
Y+1)—

From a comparison of this with equation (5-8) it follows that

o= 1S, S() = L, (14

A graph of f(¢) is given in figure 9. By use of this the values of 7,, given in figure 10 were

obtained.
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When ¢ is large compared with unity
SW) = In (49)/2¢. (7-5)
The interrupted line in figure 9 presents this approximation.

1-0

50l
BN
O-Ob 1 I )
1 1 10 100
¥
FiGure 9. f(¥) as a function of y. ——, Equation (7-4); ————, equation (7-5).
5000
400
& 209
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0 2 0 200 400
centre entry (uy—u,) (cms—1)
x (10~2cm)
Ficure 10 Figure 11

Ficure 10. 7,, as a function of x for the pressure curve of figure 2. (¢) Sliding speed 200 cms=;
(b) sliding speed 100 cms—.

Ficure 11. The effective viscosity (7,) as a function of sliding speed. Load: (a) 2x 108dyncm~!,
(b) 1x108dyncm™!, (¢) 7-5x107dyncm~!, (d) 5x10’dyncm™'. ——, 9, = 0-4P; —-—-— X
9, = 1-0P (both by numerical integration) ; ——, 7, = 0-4 P, from cquation (7-7).
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The effective viscosity may be found by numerically integrating curves of 7, such as
those of figure 10 over the full pressure zone (equation (7-3)). However, it is usually suffi-
cient, in calculating values of 7,,, to assume a Hertzian pressure distribution. The Hertzian
distribution differs appreciably from the true hydrodynamic distribution only where the
pressures are low. Thus the major errors occur where the values of ,, are on any reckoning
low and it may be judged from figure 10 that such errors will little influence the value of
7 Calculations of 7,, based upon a Hertzian distribution are given in figure 11. In part IV
it will be shown that the experimental curves are similar.

When it can be taken that over the significant part of the pressure zone ¢ is so large that
the approximation of equation (7-5) is applicable, numerical integration is unnecessary,
for then from that equation

8K
o™= s —u))? [%3P+ln (4y—u;) +%1n (%}?é)]: (7-6)

and, on the assumption that the pressure zone has the Hertzian width 25, integration with

respect to x gives
4K

T = bt i [%er 26 In (1y—u;) 46 In (%)] (7°7)
where F' is the load per unit face width. The interrupted lines in figure 11 were calculated
from this approximation. They show its range of applicability.

(Equation (7-6) is implicit in an expression for the local frictional traction quoted by
Petrusevich (1951) without derivation or discussion of its physical basis. Petrusevich’s
expression incorporates his own expression for film thickness. The dotted lines of figure 11
show that equation (7-6) leads to serious errors at low sliding speeds. At the rolling point
there can be no frictional heat to modify the effect of pressure upon viscosity and there the
effective viscosity must reach its greatest value. The approximation does not satisfy this
requirement.)

Equation (7-7) suggests that in general 7, is affected by changes in 5, far less than pro-
portionately. This is demonstrated by comparing the solid and chain dotted curves (5) of
figure 11. Both were calculated by numerical integration; the solid curve for an 5, of 0-4 P
and the chain-dotted curve for an 7, of 1 P. At zero slip 7,, is of course proportional to 7,
but at a slip of 400 cms~! the difference between the curves has disappeared.

8. THE FRICTIONAL TRACTION

The tractions of figure 12 were calculated from the values of 7,, given in figure 11 and
from the expression T — 27 blug—u,) /1%, (8+1)

which is the same as equation (7-2) except that (¥,—x,) has been replaced by the Hertzian
width 2. In addition, in calculating the tractions the assumption has been made that (%)
remained constant as (u,—u,) was varied. Because A} oc [u7,]%% this assumption allowed
% to be regarded as constant for constant #,. In fact 4} was taken as 1 p for an 7, of 0-4 P
and as ./(1/0-4) u (1-58 ) for an 5, of 1 P.

Curve a of figure 12 (load 2x 108dyncm™1) exhibits a maximum as do the others to
a lesser degree. The obvious explanation of the maximum is that at small slips there is little
frictional heat to affect viscosity and consequently the traction rises proportionately with
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slip (equation (8-1)), while at high slips the reduction in viscosity due to frictional heat can
become the dominant influence and, as in curve a in particular, eventually the traction may
fall as the slip increases.

An interesting consequence of the tendency of 7,, to become independent of 5, at high
slips (cf. the solid and chain-dotted curves (4) of figure 11 for values of 5, of 0-4 and 1P
respectively) is that the friction falls as 7, is increased (cf. curves 4 and ¢ of figure 12). This
1s because as 7, is increased % will increase, but 7, will remain constant and it follows from
equation (8-1) that 7" will then fall. Indeed a fall in friction as 7, is increased has been
reported by Misharin (1958) and has been observed by the author (part IV).

Z_
)
g a
(&)
p
."\:C>5\ 1H p=0 051
[e=]
=
&~ b
c 0:040
%: ————————————— 0-025
Vi \ s
0 200 400

(4 — ;) (cms™)
Ficure 12. Frictional traction (7') as a function of slip (#,—#,) when # constant. (a) Load, 2 x 108
dyncm™!; g, 0-4P. (b) Load, 1 x 108dyncm™!; 9, 0-4P. (¢) Load, 1 x 108dyncm™!; ¢, 1P.
M, Coefficient of friction.

If 5, be constant, 4% is proportional to (x)°-3. Ifin addition (u,—u,) is held constant whilst
u varies, 7,, will be constant because ¥ (equation (5-9)) is independent of z. It then follows
that for these conditions 7" should be proportional to (%)~95. It will be shown in part IV
that 7" does fall as @ increases.

Lastly the theory does predict coeflicients of friction (which are indicated in figure 12)
of the same order as those found experimentally (e.g. Misharin 1958).

9. THE SURFACE TEMPERATURES WITHIN THE PRESSURE ZONE

It has been assumed in the previous calculations that the temperature of the surfaces is
constant. It was assumed in particular that the viscosity at the surfaces (7,) is given by

= 1, exp 3P,
But the heat generated within the film passes into the surfaces and raises their temperature,
so more properly 7, = n,exp (0P—7y0.), (9-1)
where 0, is the surface temperature at the point x. (The rise in surface temperature due to
the friction at solid-solid contacts has been discussed by Blok (1937).)

If it is assumed that the heat flows equally to both surfaces then the rate at which it
passes into one surface at any value of x is given by

1 d
QZQJOQ Y

32-3
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which, by equations (5-2) and (5-3), may be written as
Q = (1n/2h) (y—u1)*. (9-2)

Thus if 2 be constant the distribution of heat flow into the surfaces is the same as that of 75,,
(figure 10).

At a time 7 after the supply to a surface of a quantity of heat per unit area ¢ dr the
temperature rise is given by (Carslaw & Jaeger 1947)

wo Lo -
(nKpc)* ¢

where K, p and ¢ are respectively the thermal conductivity, density and specific heat of the
material of the disks. Thus in the present context for the disk of peripheral speed #,

ﬁ(x=a) = ‘—‘l'""i, lfa vQElﬁ’i: (9'4)
(mKpe) utJ o (a—x)?
where x 1s now measured from the entry edge of the pressure zone into the pressure zone.
The estimation of # from equations (9-2) and (9-4) is simplified by the fact that § does not
depend sensitively upon the distribution of . For instance, it may be shown thata parabolic
distribution gives a maximum temperature

2-08(,y, (2_[7)%
(mKpe)t \uy
at x = 1-5b,

while a distribution in the form of an isosceles triangle gives a maximum temperature

2:18Q,,, (%)%'

(mKpc)®
at x = 1-33b,

Uy

where @,, is the average value of ¢ and 2b is the base of the distributions.

It is more convenient to continue the argument with reference to a particular example.
Conditions corresponding to curve a of figure 11 at a slip of 400cms~! will be chosen.
Curve (i) of figure 13 (a) gives the distribution of 7,,. Clearly it is close to parabolic so a
parabolic distribution of ¢ will be assumed. Integration of equation (9-4) then gives

_08Q,, (b \? % B >
0= i () S0 B3 SB) = Ph—2p).

When @),,. is expressed in terms of the frictional traction 7" this becomes

0-27 (uy—u,)
b, = o : 9:5
(o) (b 1) A
From figure 12 the value of 7"is 1-02 x 10’dyncm~". If (u;+u,) be taken as 1000 cms™!
then for a slip of 400 cms~! %, is 300 cms~! and u, is 700 cms~!. The values of §, given by
equation (9-5) for the two disks are shown in figure 18 (). These values were used to cal-
culate mean values of exp (y6,) which were used to recalculate values of 7, (equation (9-1))

from which new values of ¥, f(¢) and 7,, were obtained. These modified values of 5,, are
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shown by curve (ii) of figure 13 (a). They do not differ greatly from those of curve (i)
although the effect of a rise in surface temperature of 50 deg C is to reduce 7, by a factor
approaching 3. This suggests that 7,, is not very dependent upon 7, and this can be demon-
strated analytically by differentiating equation (7 °4) with respect to 7,. Then

=L+ g /]

From the approximate expression for f(¢) (equation (7-5)) df(¥)/dy, may be obtained
and it is then found that

Ay 1 A7, .
T E 2T 0, (9-6)

A plot of 2yf(¢) is given in figure 14. At values of ¥ of the order 100 such as occur in the
present example the curve shows the proportional change in 7,, to be one-sixth of the

proportional change in 7,.

Oc
c) ,
1001 300r i
i ii (c)
(@
2001
100 ”?i
& ok
&
Rl
0
R E

R E
R=recess E = entry

Ficure 13. The influence of the variations of surface temperature (6,) within the pressure zone.
(a) ,, as a function of x: (i) variations of 0, ignored ; (ii) variations of 6, considered. (4) 0, as a
function of x: (i) for disk with peripheral speed of 300 cms~!; (ii) for disk with peripheral speed
of 700cms~. (¢) 0, as a function of x: (i) variations of 6 1gnored (ii) variations of 6, considered;
(iii) 6,+8, (coincident with curve (i) except at recess). Other data: load = 2 x 108dyn cm“;
@ =500cms™!; u,—u, = 400cms~L.

The changes in 4, the excess temperature on the median plane, due to taking cognizance
of the surface temperatures also are not large (cf. curves i and ii of figure 13 (¢)). Perhaps,
surprisingly, the effect is to diminish f,. But by definition §, is measured with respect to
0, and when the mean value of 4, at the two surfaces is added to 0, (curve iii) it is seen that
the oil temperatures on the median plane with respect to the surface temperature at entry
are indistinguishable from the temperatures of curve i except at the extreme recess.
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Curve ii of figure 13 (a) gives a value of 7, of 53 P compared with 60 P for curve (i),
1.e. approximately 10 9, less. Consequently, ifin a further iterative cycle 6, were calculated
from curve (ii) values 10 9, smaller would be obtained. This would increase 7, at most by
10 9, and 7,, would be increased by one-sixth of that at values of y of the order 100. Clearly
further iterative cycles would not produce a materially different result.

Two further examples have been worked. In both # was taken as 500cms~!. In one
instance a high load (2x10%dyncm™!) was combined with a low speed of sliding
(100cms~!) whilst in the other a low load (1 x108dyncm™!) was combined with a high
sliding speed (400cms™!). Again in both instances it was found that 7,, was reduced by
approximately 10 %,.

201 (¥)

0 L I l
1 10 100 1000

¥
Ficure 14. 2yf(y) as a function of .

10. CONCLUSION

The generation and flow of heat within the oil film has been discussed and, for the range
of conditions considered, it has been found that both in pure rolling and in rolling with
sliding conduction of heat across the film to the surfaces of the disks is the most important
mechanism of heat dissipation.

The temperature rise in the oil film has been assessed. In pure rolling it has been found
that there is no temperature rise within the pressure zone; the temperature rise occurs on
the entry side ahead of that zone. Furthermore, it has been proved that up to a uy, of
150dyncm™! the temperature rise which does occur is too small to account for the discre-
pancy between the relationships of film thickness to %y, as found experimentally and as
predicted by theory (part IT). When sliding is introduced it has been found that the tem-
peratures on the entry side remain small; a fact which explains the experimental observa-
tion that film thickness is insensitive to sliding when uz, is held constant (part IT). But the
introduction of sliding does have a very marked influence upon the temperatures within
the pressure zone. It has been shown that these temperatures depend upon pressure and
hence upon load, but for constant 5, are independent of film thickness. At a sliding speed of
500cms~! and a load of 1-2 x 108dyncm™~! the maximum temperature rise of the oil has
been assessed at 200deg C (figure 5). Such a value brings into question whether the oil can
pass through the pressure zone without chemical change.

An expression for the effective viscosity within the pressure zone has been developed. In
the most severe example cited it has been found, for instance, that the introduction of
400 cms~! sliding causes the effective viscosity to fall in relation to its value in pure rolling
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by a factor of 50. Nevertheless, the temperature rise on the inlet side remains small and
consequently film thickness is not greatly affected. (The experiments of part IT showed a
reduction of no more than 30 9,.) It has also been shown that at high speeds of sliding the
effective viscosity is largely independent of 7,. This fact carries the important implication
thatif an oil of higher viscosity (higher #,) be used to afford to the surfaces greater protection
in virtue of a thicker oil film, then there is little penalty to be paid by way of greater fric-
tional heating and in fact at high speeds of sliding the frictional traction may be less with
the thicker oil.

The tractions pass through a maximum as the sliding is increased. This implies that if
the disks were used as a friction drive and the slip was allowed to exceed that at which the
maximum traction occurs, then a demand for a greater output torque, which would lead
to even greater sliding, would reduce the torque the drive can deliver. If the demand were
maintained the output shaft would come to rest whilst the input shaft would accelerate;
a situation of distressing consequence.

Lastly the influence of the rise in temperature at the surfaces of the disks, due to the heat
flowing into them, upon the temperatures within the oil film and upon effective viscosity
have been discussed. It has been shown that even when the rise in temperature at the
surfaces is as high as 50 deg C the maximum temperature in the oil film is unchanged and
that the effective viscosity is only 10 9, less than it would be had the surfaces remained at
constant temperature. The importance of this result is that in considering the experimental
results such as those which will be presented in part IV their analysis need not be burdened
in the first instance with the additional complication of considering variations of temperature
at the surfaces of the disks.

In addition to the particular results which have been cited the analysis gives a knowledge
of the temperatures and viscosities throughout the oil film and of the velocity profiles. It
has been shown that as the sliding is increased slip within the film becomes concentrated
upon the median plane where the temperature is highest, the cooler oil closer to the surfaces
acting like a rigid deposit upon them. This is a situation akin to that postulated in boundary
lubrication and suggests that a gradual transition between the states of hydrodynamic
and boundary lubrication might exist.

The author thanks Dr W. Hirst and other colleagues for their careful criticisms of the
text. He also thanks Dr T. E. Allibone, C.B.E., F.R.S., Director of the Laboratory,
for permission to publish this paper.
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ArPENDIX A. THE POWER TO OVERCOME ROLLING FRICTION IN THE PRESENCE OF SLIDING

In calculating the oil temperatures in the presence of sliding (§ 5), in the expression taken
for the rate of generation of heat per unit volume (equation (5-3)), it was assumed that the
term in dP/dx of equation (2-2) could be ignored. A consequence of neglecting that term is
that the power required to overcome friction (W) is underestimated. The power implied
by equation (5-3) will be termed I, and the amount by which it is an underestimate will

be termed W so W — W+ W,
From a consideration of the frictional traction W is obviously given by

X2 du ,- du
v [T, b, e
E “a\1 3,7/ y=h “ ”a?/ y=0. ¥

which, by equation (2-2) becomes
2 P 1 1
W= [ 2 ()= (b ) + (=) (5—1:) | an

whereas W, is given by integrating ¢ (equation (5-3)) throughout the film and thereby it
is found that

A comparison of W and W, shows that

LEARS ‘——2fo (ulggh@dx .

0x

The expression on the right is twice the rolling friction. It has already been shown that the
temperatures due to rolling friction are small (§4). Therefore the neglect of I/, cannot
make the temperatures yielded by equation (5-10) seriously incorrect.

ArPENDIX B. DISSIPATION BY CONVECTION IN THE PRESENCE OF SLIDING

In calculating the oil temperatures due to sliding (§ 5) conduction of heat to the surfaces
of the disks was considered; convection was ignored. Here the effect of convection will be
discussed.

Ifthe temperatures of equation (5-10) did prevail then the heat which would be dissipated
by convection on the median plane is given by

pcudl jox
whilst the heat generated (equation (5-3)) is given by
2

q:ﬁm(&:ﬂf
R A S
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Curves of ¢, and of the heat which would be dissipated by convection are given in figure 15.
In the calculations of the convection, values of 0 /dx were obtained from the temperature
distributions of figure 5; @ was taken as 500 cms~!. In the calculations of ¢, the values of
7., were taken from figure 10 and the values of  were obtained from figure 2 but an adjust-
ment was made for the different rolling speed. (It was shown in part IT that 4% oc (@r,)°5.)

power per unit volume (10 erg cm=3s-1)

rol

2 0
x (10~2cm)
Ficure 15. The power per unit volume on the median plane. ——, Generated (¢,);
————, dissipated by convection. (a) u, —u,, 200cms™!; () u,—u;, 100cms1.

Figure 15 shows that in the examples cited, it is only at distances from the centre of the
pressure zone greater than 1x 1072cm that the dissipation by convection becomes com-
parable with ¢. At lesser distances the neglect of convection will clearly have little effect
upon the calculated oil temperatures and therefore little effect upon the calculated values of
1,, (figure 10). Considerable proportional errors in 7, at distances greater than 1 x 1072 cm,
would not materially alter the average value of 5, and therefore would not materially alter
the effective viscosity. Consequently with respect to the effective viscosity the dissipation
by convection is unimportant.

As u increases, however, the ratio of the convection to ¢ rises. From equation (5-10) the
convection is given by a0, i oy

P = 1) o
_ 8Ky (y+1) (f1)*

whereas in terms of ¥ q, Vi
Therefore the ratio of convection to ¢, is
pcudld [0x peuh? oy

¢ SKY( 1) (f(¥))? ox°

Because /3 oc (%)°5 when 7, is constant it follows that the ratio will then be proportional
to (#)2. Therefore as the rolling speed increases, the errors due to neglect of convection
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become more serious. But even so, over the complete pressure zone the errors will be self-
balancing to some degree. If convection were taken into account its influence would be to
depress the temperatures while they were rising in the direction of the oil flow and the
converse. This would make the temperature distributions asymmetrical but would not
greatly influence the average value of 7,,.

AprpEnDIX G, THE VALUES OF m

When y = &/m, y = 73,, and when 75, and 7,, have been expressed in terms of it follows
from equation (5-13) that

(1 =2/m) S+ 13Y) = [{Y+DSY) - B3+HAG+1D /040 (C1)

This shows that m is solely a function of ¢ (figure 16). If the sign of one side of the above
expression be changed the new value of m, which is then obtained, and which will be denoted

by n, satisfies the expression
1 1

S

n m
Clearly 7 corresponds to the other position where (du/dy) = (uy—u,) [k (figure 8).
5r

L I |
01 1 10 100

12

Ficure 16. m as a function of .

For a linear profile m is indeterminate but the slightest change from linearity produces
discrete places where (du/dy) = (u,—u,)/h and by expanding equation (C 1) in powers of ¥

it is found that limm = 2. /3/(/3—1) = 4-73.
Y0

As ¢ increases (greater sliding) the velocity profile changes towards a configuration with
a step at y = }h. The places where du/dy = (uy,—u,)/h move towards each other and in the
limit coincide with y = 4. Indeed from equation (C 1) it may be seen that

limm = 2.

>0
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